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Abstract
We prove that the mapping class group Γg,n for surfaces of negative Euler characteristic
has a cofinite universal space EΓg,n for proper actions (the resulting quotient is a finite CW -
complex). The approach is to construct a truncated Teichmu¨ller space Tg,n(ε) by introducing
a lower bound for the length of shortest closed geodesics and showing that Tg,n(ε) is a Γg,n
equivariant deformation retract of the Teichmu¨ller space Tg,n. The existence of such a cofinite
universal space is important in the study of the cohomology of the group Γg,n. As an application,
we note that there are only finitely many conjugacy classes of finite subgroups of Γg,n. Another
application is that the rational Novikov conjecture in K-theory holds for Γg,n.
1 Introduction
The mapping class group Γg,n for surfaces of genus g with n punctures is a natural group and its
structure has been intensively studied by many authors employing a range of methods. A natural
question concerns its classifying space. Since Γg,n contains torsion-elements, the group cannot admit
a finite dimensional classifying space BModg,n. Ivanov [Iv1] [Iv2] did prove that for any torsion-free
subgroup Γ of Γg,n of finite index there exists a BΓ-space given by a finite CW -complex. Given
the foundational Deligne-Mumford quasiprojectivity of Γg,n\Tg,n, a proof for torsion-free subgroups
also follows from the original result of Lojasiewicz [Lo].
Recall that for a discrete group Γ, the universal covering space EΓ = B˜Γ of BΓ is a universal
space for proper and fixed-point free actions of Γ. For groups Γ containing torsion elements, a closely
related space is the universal space EΓ for proper actions of Γ, which is unique up to homotopy.
Briefly, for any discrete group Γ, a CW -complex E is a universal space for proper actions of Γ if
the following conditions are satisfied:
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1. Γ acts properly on E and hence the stabilizer in Γ of every point is finite.
2. For any finite subgroup H ⊂ Γ, the set EH of fixed points of H is nonempty and contractible.
In particular, E is contractible.
If the quotient Γ\E is a finite CW -complex, the quotient is called a cofinite universal space for
proper actions. The existence of such a cofinite Γ-space is important in studying the cohomology of
Γ and the Novikov, Baum-Connes and related conjectures for Γ (see [BCH] and [Lu] for systematic
discussions). Applying the results of [Brow1] and [BHM], it can be seen easily that the existence
of a cofinite universal space EΓ implies that the rational Novikov conjecture in K-theory holds for
Γ (see Proposition 1.8 below).
It is known and can be shown easily that the Teichmu¨ller space Tg,n is a finite dimensional,
non-cofinite EΓg,n-space (see [Lu] and Proposition 2.3 below). As mentioned above, it is important
for various purposes to find a cofinite universal space (a space with quotient a finite CW -complex)
and the question on the existence of a cofinite EΓg,n has been raised by several authors (see [Lu]).
The main result of this note is a positive answer (see Theorems 1.2 and 1.3 below). When n ≥ 1,
the result also follows from an explicit triangulation of Tg,n and an associated retraction onto a
cofinite subspace, see Harer [Har]. After the results of this paper were obtained, we found that the
case of n = 0 was also established already in [Brou1] and [Mi]. On the other hand, the method
here is different and works in both cases.
Specifically, let Sg,n be a surface of genus g with n punctures. Assume that 2g + n > 2. Let
Tg,n be the associated Teichmu¨ller space of homotopy marked hyperbolic metrics on Sg,n. It is
well-known that Tg,n is diffeomorphic to R
6g−6+2n and hence contractible, and Γg,n acts properly
on Tg,n. Using the solution of the Nielsen realization problem and the Weil-Petersson metric for
Tg,n, it can be shown that Tg,n is the universal space for proper actions of Tg,n (see [Lu, §4.10] for
discussion of this result and Proposition 2.3 below for a detailed proof).
It is also well-known that the quotient Γg,n\Tg,n is noncompact, hence Tg,n is not a cofinite
CW -space. In fact, the quotient is the moduli space of Riemann surfaces of type (g, n). Since
Riemann surfaces can degenerate, their moduli space is noncompact. There are two basic ways to
address the issue of noncompactness.
One way is to compactify Γg,n\Tg,n, or rather to partially compactify Tg,n to a manifold with
corners T
BS
g,n such that Γg,n acts properly with a compact quotient Γg,n\T
BS
g,n . This approach is
analogous to considering the Borel-Serre compactification of locally symmetric spaces following [BS].
Such a partial compactification of Tg,n as a real analytic manifold with corners was announced by
Harvey [Hv1]. A proof and construction of T
BS
g,n as a smooth manifold with corners was later given
by Ivanov [Iv3]. The next step is to show that the set (T
BS
g,n)
H of fixed points of a finite subgroup
H ⊂ Γg,n is contractible. For arithmetic subgroups Γ of semisimple Lie groups, a construction of EΓ
in terms of the partial Borel-Serre compactification of the associated symmetric spaces was carried
out in [Ji], where the geodesic action of parabolic subgroups and its connection to the boundary
components was used crucially. Since it might be involved to carry out the second step for Γg,n, we
introduce a different model for the classifying space.
Let S ∈ Tg,n be a marked surface with hyperbolic metric. For every closed curve σ ⊂ S, let
ℓS(σ) be the length of the unique geodesic in the free homotopy class of σ with respect to the
hyperbolic metric of S. For a sufficiently small ε > 0, define
Tg,n(ε) = {S ∈ Tg,n | for every closed curve σ ⊂ S, ℓS(σ) ≥ ε}. (1.1)
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This is called the truncated Teichmu¨ller space. The following is well-known.
Proposition 1.1 The truncated Teichmu¨ller space Tg,n(ε) is a real analytic manifold with corners
and as a subset of Tg,n is invariant under the action of Γg,n. The quotient Γg,n\Tg,n(ε) is a compact
real analytic orbifold with corners. In particular, Tg,n(ε) has the structure of a cofinite Γg,n-CW -
complex.
Note that the last statement on the structure of a cofinite Γg,n-CW -complex follows from the
existence of an equivariant triangulation in [Il]. For any torsion-free subgroup Γ ⊂ Γg,n, the quotient
Γ\Tg,n is a real analytic manifold with corners. The proof of Proposition 1.1 will be given in §2
below.
The main result of the paper is the following.
Theorem 1.2 With the above notation, when ε is sufficiently small, there is an Γg,n-equivariant
deformation retraction from Tg,n to Tg,n(ε).
The corresponding moduli space retraction from Γg,n\Tg,n to Γg,n\Tg,n(ε) is suggestive of the
realizations of the Borel-Serre compactifications for locally symmetric spaces [Gr] [Le1-2] [Sa]. This
result was stated in [Har, §3, iv)] but the proof is incomplete (see §3 below for discussion). One
present purpose is to complete the considerations of [Har]. It is also noteworthy to point out that
for Γ ⊂ Γg,n a torsion-free finite index subgroup, it was proved in [Iv1] [Iv2] that Tg,n(ε) is a
Γ-equivariant deformation retract. The assumption that Γ is torsion-free was used in a essential
way.
An immediate corollary of the theorem is the following.
Theorem 1.3 The truncated space Tg,n(ε) is contractible. For a finite subgroup H ⊂ Γg,n, the
set of fixed points (Tg,n(ε))
H is also contractible, and hence Tg,n(ε) is a cofinite universal space for
proper actions of Γg,n.
Remark 1.4 After this result was proved, we learned of and received a copy of the preprint [Mi]
from Lu¨ck. The preprint discusses the Broughton considerations of [Brou1] for the existence of a
cofinite classifying space of Γg by introducing a suitable subspace of Tg. It might be helpful to
point out that the present proof is closely related to the corresponding result for arithmetic groups
and works for all choices of (g, n), while the method in [Brou1] only works for the case (g, 0), since
the Satake compactification for the moduli space Γg\Tg in [Ba] is only defined for the case (g, 0)
and is used in an essential way.
An interesting corollary of the above theorem is the following.
Proposition 1.5 There are only finitely many conjugacy classes of finite subgroups of Γg,n.
Proof. It is a general and known fact that if a group Γ admits a cofinite universal space EΓ for
proper actions, there are only finitely many conjugacy classes of finite subgroups. It can be proved
as follows. Let K be a compact subset of EΓ which is mapped surjectively onto the quotient Γ\EΓ.
Then any finite subgroup of Γ is conjugate to a finite subgroup which has a fixed point in K. Since
there are only finitely many elements γ ∈ Γ such that γK ∩K 6= ∅, it follows that there are only
finitely many conjugacy classes of finite subgroups.
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Since this result is of independent interest, we provide a second proof in Proposition 2.7 below.
We note that the finiteness result is similar to the fact that any arithmetic subgroup of a Lie group
has only finitely many conjugacy classes of finite subgroups (see [Se]).
Remark 1.6 After the result in Proposition 1.5 was proved, we learned that it was proved already
by Bridson in [Bri, Theorem 6] using the above result of Harer [Har, §3]. Since the proof of [Har,
§3] is incomplete, we now complete the proof of [Bri]. An independent proof of Proposition 1.5 is
given in the book manuscript of Farb and Margalit [FaM].
Remark 1.7 It is interesting to note that [Brou2] first proved Proposition 1.5 and then used it
to construct a cofinite universal space for Γg,n. Proposition 1.5 was proved in [Brou2] by showing
there are only finitely many equivalence classes of finite orientation-preserving topological actions
on surfaces of a fixed genus.
Another corollary of Theorem 1.3 is the following.
Proposition 1.8 The group Γg,n is of type FP∞ and hence in every degree H∗(Γg,n,Z) is finitely
generated, which implies that the rational Novikov conjecture in K-theory holds for Γg,n.
Proof. Since Γg,n admits a cofinite universal space for proper actions and finite groups are of type
FP∞, the first statement on finite generation of H∗(Γg,n,Z) follows from [Brow1, Proposition 1.1],
and the second statement follows from the main result of [BHM] which states that the rational
Novikov conjecture in K-theory holds for any groups Γ such that H∗(Γ,Z) is finitely generated in
every degree.
Remark 1.9 We note that the original Novikov conjecture, i.e., the rational Novikov conjecture
in L-theory for Γg,n was proved by Kida [Ki] and Hamensta¨dt [Ham].
Remark 1.10 After Proposition 1.8 was proved as above, we realized that it can also be proved
as follows. It is known that Γg,n admits a torsion-free subgroup Γ
′ of finite index (see [Iv1] for
a demonstration of this not-totally obvious result. See also [Har]). By [Iv1], Tg,n-admits a Γ
′-
equivariant deformation retraction to a Γ′-compact subspace (a manifold with corners). It follows
that Γ′ admits a finite classifying space BΓ′, which in turn implies that Γ′ is of type FP∞. Then
by [Brow2, Proposition 5.1, p. 197], Γg,n is also of type FP∞, and the main result of [BHM] implies
the second statement as above. After Proposition 1.8 was proved, we learned of Storm’s [St] note
for combining results of Hamensta¨dt and Kato on combable groups to also provide a proof.
2 Mapping class groups and Teichmu¨ller spaces
First we recall definitions. Let Sg,n be an orientable surface of genus g with n punctures. Let
Diff(Sg,n) be the group of all diffeomorphisms of Sg,n and Diff
+(Sg,n) the subgroup of orientation
preserving diffeomorphisms. The identity component Diff0(Sg,n) is a normal subgroup of both
Diff(Sg,n) and Diff
+(Sg,n). The quotient π0(Diff
+(Sg,n)) = Diff
+(Sg,n)/Diff
0(Sg,n) is called the
mapping class group of type (g, n), denoted by Γg,n, and π0(Diff(Sg,n)) = Diff(Sg,n)/Diff
0(Sg,n) is
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called the extended mapping class group, denoted by Γ˜g,n. Clearly, Γg,n is an index two subgroup
of Γ˜g,n.
The mapping class group Γg,n is closely related to arithmetic groups. In fact, for Sg,n the torus
R2/Z2, i.e., g = 1 and n = 0, Γ1 is canonically isomorphic to SL(2,Z).
An important step for understanding Γg,n is to consider its action on the Teichmu¨ller space Tg,n
associated with Sg,n. Assume that the Euler number of Sg,n is negative, i.e., 2g − 2 + n > 0. The
surface Sg,n admits complete hyperbolic metrics of finite volume. Recall that a marked hyperbolic
metric on Sg,n is a surface S with a complete hyperbolic metric ds together with a diffeomorphism
ϕ : Sg,n → S. Two marked hyperbolic metrics (S1, ds1, ϕ1) and (S2, ds2, ϕ2) are equivalent if there
exists an isometry φ : S1 → S2 such that φ ◦ ϕ1 : Sg,n → S2 is isotopic to ϕ2 : Sg,n → S2. The set
of equivalence classes of marked hyperbolic metrics on Sg,n forms the Teichmu¨ller space Tg,n.
Proposition 2.1 The groups Γg,n and Γ˜g,n act properly discontinuously on Tg,n. The quotient
Γg,n\Tg,n is the moduli space of complex structures on Sg,n of type (g, n) and Γ˜g,n\Tg,n is the
moduli space of complete hyperbolic metrics on Sg,n of type (g, n).
It is well-known that Tg,n is diffeomorphic to R
6g−6+2n. One way to display this is to introduce
Fenchel-Nielsen coordinates. Let Σ = {σ1, · · · , σd}, d = 3g − 3 + n, be a maximal collection of
disjoint simple closed curves on Sg,n, no curve freely homotopic to a point or a puncture, and no
pair of curves freely homotopic. The complement in Sg,n of Σ consists of pairs of pants, subsurfaces
homeomorphic to the complement of three points in a sphere. The collection Σ is called a pants
decomposition. Then for each point (S, ds, ϕ) ∈ Tg,n, each curve ϕ(σi), i = 1, · · · , d, contains a
unique simple closed geodesic in its free homotopy class with respect to the metric ds. Denote the
length of the geodesic by ℓS(σi). Once a base point S1 ∈ Tg,n is chosen, there are also associated
twist parameters θS(σi). Together, the data provides the Fenchel-Nielsen coordinates:
πΣ : Tg,n → R
6g−6+2n; (S, ds, ϕ) 7→ (ℓS(σ1), θS(σ1); · · · ; ℓS(σd), θS(σd)). (2.1)
It is known that Tg,n is a complex manifold, and the map πΣ is a real analytic diffeomorphism.
As a complex manifold, Tg,n admits a Ka¨hler metric, the Weil-Petersson metric. At a point
S ∈ Tg,n, the dual of the holomorphic tangent space is canonically identified with the vector space
Q(S) of holomorphic quadratic differentials. The Hermitian product on Q(S),
〈ϕ1, ϕ2〉 =
∫
S
ϕ1ϕ2ds
−2, (2.2)
where ds2 is the area form of S, defines the Weil-Petersson metric on Tg,n, denoted by dsWP .
The following properties of the metric dsWP are known (see [Wo1-3]).
Proposition 2.2 1. Γ˜g,n acts isometrically with respect to dsWP .
2. The sectional curvatures of dsWP are negative.
3. (Tg,n, dsWP ) is convex in the sense that each pair of points is connected by a unique geodesic.
4. For a finite subgroup H of Γ˜g,n or Γg,n, a finite H-invariant compact subset of Tg,n has
compact convex hull, and hence every finite subgroup of Γ˜g,n has a fixed point in Tg,n.
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Using these properties, we prove the following refinement of the Nielsen realization theorem.
Proposition 2.3 The space Tg,n is a universal space for proper actions of Γ˜g,n and Γg,n.
Proof. We consider only Γ˜g,n. Since Tg,n is a real analytic manifold and Γ˜g,n acts real analytically
and properly on Tg,n, the existence of an equivariant triangulation in [Il] implies that Tg,n is a
proper Γ˜g,n-CW -complex. We need to show that for a finite subgroup H ⊂ Γ˜g,n, the fix-point set
T Hg,n is nonempty and contractible.
By the solution of the Nielsen realization problem in [Ke] (see also [Wo2]), T Hg,n is nonempty.
By Proposition 2.2, Tg,n with the Weil-Petersson metric is negatively curved and convex. Since
Γ˜g,n acts isometrically on Tg,n, the set T
H
g,n is a totally geodesic submanifold, which is in turn also
convex and hence contractible.
Remark 2.4 For the orientation preserving case, there is a different approach as indicated in the
discussion of [Lu, §4.10]. Kerckhoff [Ke] considers the important result of Thurston that each pair
of points x, y of Tg,n is connected by a unique left earthquake, denoted by x˜, y. Note that the notion
of the left earthquake depends on the orientation of the underlying surface, and the ordering of
x and y is also important. In fact, the earthquake from x to y, x˜, y, differs from the earthquake
from y to x, y˜, x. Earthquake paths are natural; for an (orientation preserving) element h ∈ Γg,n,
h maps x˜, y to ˜h · x, h · y. Naturality provides that if H is a finite subgroup of Γg,n, then for a pair
x, y ∈ T Hg,n, x˜, y is contained in T
H
g,n, and hence the fixed-point set T
H
g,n is contractible. Naturality
further provides that the left earthquake exponential map is Γg,n-equivariant.
On the other hand, if elements of H ⊂ Γ˜g,n are orientation reversing, then x˜, y may not be
contained in T Hg,n. An example begins with hyperbolic surfaces with topologically conjugate mirror
symmetry with respect to a separating simple closed geodesics.
Remark 2.5 In the above proof of Proposition 2.3, we used the unique Weil-Petersson metric
geodesic connecting x and y, denoted by x, y. Since Γ˜g,n acts isometrically on Tg,n, it follows
for any subgroup H ⊂ Γ˜g,n, x, y ⊂ T
H
g,n whenever x, y ∈ T
H
g,n, and hence the fixed-point set T
H
g,n is
contractible. The proof can be made for any Γ˜g,n invariant metric with unique geodesics connecting
pairs of points.
The quotient space Γg,n\Tg,n is noncompact. In particular, Tg,n is not a cofinite EΓg,n-space;
the quotient space is not a finite CW -complex. One way to understand the structure near infinity
of Γg,n\Tg,n is through the notion of rough fundamental domains and Bers regions. For a pants
decomposition Σ, constants C > 0 and θ0 > 0, define
BΣ = BΣ(C, θ0) = π
−1
Σ
({(ℓ1, θ1; · · · ; ℓd, θd) ∈ R
6g−6+2n | 0 < ℓi ≤ C, |θi| ≤ θ0, i = 1, · · · , d}).
(2.3)
The region is called the Bers region associated with Σ.
The following result of Bers is analogous to the reduction theory for arithmetic groups. See
[Bu, Theorems 5.1.2 and 6.6.5] for proofs.
Proposition 2.6 Up to isotopy, there are only finitely many pants decompositions Σ1, · · · ,Σm of
Sg,n. For each Σi, there is a Bers region BΣi such that the projection map π : Tg,n → Γg,n\Tg,n
restricts to a finite-to-one map on BΣi. The images of the Bers regions π(BΣi) cover the quotient
Γg,n\Tg,n.
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Proof of Proposition 1.1. We first observe that since Tg,n(ε) is defined by a condition for all simple
closed curves, the subset is invariant under Γg,n. We next observe that the Γg,n quotient is compact.
In particular, for a pants decomposition Σ = {σ1, · · · , σd} there is the associated Fenchel-Nielsen
coordinate system:
Tg,n → R
6g−6+2n, (S, ds, ϕ) 7→ (ℓS(σ1), θS(σ1); · · · ; ℓS(σd), θS(σd)). (2.4)
For ε > 0, θ0 > 0 and C > 0, introduce the truncated Bers region:
BΣ(ε) = {S ∈ Tg,n | C ≥ ℓS(σi) ≥ ε, |θS(σ1)| ≤ θ0, i = 1, · · · , d}. (2.5)
The truncated regions are compact submanifolds with corners. By Proposition 2.6, the images
of finitely many truncated Bers regions BΣ(ε) cover the quotient Γg,n\Tg,n(ε). This provides that
Γg,n\Tg,n(ε) is compact.
To prove that Tg,n(ε) is a real analytic manifold with corners, we note by the collar lemma
from hyperbolic geometry that when ε is sufficiently small, for simple closed curves σ1, . . . , σm
the level hypersurfaces {ℓS(σ1) = ε}, . . . , {ℓS(σm) = ε} either have empty intersection or intersect
transversally. Since Γg,n acts real analytically and properly on Tg,n(ε), the quotient is a real analytic
orbifold with corners, the desired conclusion.
Another approach for understanding the structure near infinity is to compactify the quotient
Γg,n\Tg,n. The approach involves including parameters for degenerate surfaces which are obtained
by pinching geodesics. Let Tˆg,n be the augmented Teichmu¨ller space, obtained by adding points
describing marked stable Riemann surfaces of the same Euler number (see [Ab] for example). The
bordification Tˆg,n is introduced by formally extending the range of the Fenchel-Nielsen coordinates.
For a length ℓS(σ) equal to zero, the twist is not defined and in place of the geodesic for σ there
appears a pair of cusps. Following Abikoff, [Ab], and Bers [Be], the extended Fenchel-Nielsen
coordinates describe marked possibly noded Riemann surfaces. An equivalence relation is defined
for marked noded Riemann surfaces and a construction is provided for adjoining to Tg,n frontier
spaces (where subsets of lengths vanish) to obtain the augmented Teichmu¨ller space. The space Tˆg,n
is not locally compact since in a neighborhood of ℓS(σ) vanishing, the angle θS(σ) has values filling
R. (Relatedly the action of Γg,n on Tˆg,n is not proper.) Harvey considered a description of Tˆg,n in
terms of SL(2,R) representations and the Chabauty topology to show that Γg,n\Tˆg,n is compact
[Hv2, Theorem 3.6.1]. As above, Proposition 2.6 also provides that the quotient is compact. The
Deligne-Mumford compactification provides that Γg,n\Tg,n is contained in a compact orbifold [DM].
Bers considered families of Kleinian groups to also show that the quotient is contained in a compact
orbifold, see [Be, §7].
Now we provide another approach for Proposition 1.5.
Proposition 2.7 Γg,n has finitely many conjugacy classes of finite subgroups.
Proof. As noted, Γg,n acts properly on Tg,n and for a finite subgroup H the set T
H
g,n of fixed
points is nonempty. The association of T Hg,n to H has the following properties. The set T
H
g,n is a
proper subset except for cases of generic involutions for the special topological types (1, 1), (0, 4)
and (2, 0). For the generic point of T Hg,n the full automorphism group of the Riemann surface is
a realization of the group H (modulo the ambiguity of extension by a special generic involution).
It follows that T H1g,n is a Γg,n translate of T
H2
g,n if and only if H1 and H2 are conjugate subgroups
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(modulo the ambiguity of extension by the special generic involutions). As noted, the quotient
Γg,n\Tg,n is contained in a compact orbifold. The orbifold locus (the image of the branching loci for
the local manifold covers) locally has finitely many components. By compactness the total number
of orbifold components is finite. In particular there are only finitely many orbifold components in
Γg,n\Tg,n and thus only finitely many distinct sets T
H
g,n modulo the action of Γg,n.
3 Equivariant deformation retractions of Teichmu¨ller spaces
We present the proof of Theorem 1.2. Considerations begin with the systole function Λ on Tg,n,
the length of the shortest closed geodesic. We introduce an approximate gradient V to the systole.
The vector field V should define an equivariant deformation retraction of Tg,n onto the truncated
Teichmu¨ller space Tg,n(ǫ). To this purpose V is required to be continuous, Γg,n-invariant and to
have support contained in the complement of a set with compact quotient. The systole is the
minimum of lengths Λ = minσ ℓS(σ). At a point where multiple lengths ℓS(σˆ) have the value Λ,
the V -derivatives V ℓS(σˆ) must agree for each length ℓS(σˆ) = Λ. This compatibility condition is
necessary for Λ to have a continuous V -derivative. To understand the flow we add the inward
pointing condition V Λ ≥ 0 and require V Λ = 1 on the complement of a set with compact quotient.
We begin with gradients of small lengths. The gradients of disjoint simple geodesics are al-
ways linearly independent [Wo4]. Precise Weil-Petersson gradient information is provided by the
expansion
〈grad ℓS(σ)
1/2, grad ℓS(σ
′)1/2〉 =
δσσ′
2π
+ O((ℓS(σ)ℓS(σ
′))3/2) (3.1)
for σ, σ′ simple and either coinciding or disjoint; δσσ′ the Kronecker delta and the O-term constant
depending only on an overall bound for the lengths [Wo5, Lemma 3.12]. Disjoint simple root-
length gradients (2π)1/2 grad ℓS(σ)
1/2 are almost orthonormal. The approach is to define for a set
of geodesics S a vector field
V =
∑
σ∈S
κσ grad ℓS(σ)
with functions κσ determined by the system of equations
V ℓS(σ
′) = 1 for σ′ ∈ S. (3.2)
The lengths ℓS(σ
′), σ′ ∈ S increase at unit speed with respect to the V flow.
In [Har, §3, p. 172-173] the set S was taken as the totality of geodesics {ℓS(σ) ≤ 3ǫ} for a
suitable ǫ. It was claimed that each resulting function κσ vanishes for ℓS(σ) > 2ǫ. This is not true
and consequently the sum over lengths {ℓS(σ) ≤ 3ǫ} defines a vector field that is not continuous
at a value ℓS(σ0) = 3ǫ (for multiple small lengths a locus {ℓS(σ0) = 3ǫ} intersects any sublevel set
{Λ < δ}). The resulting flow is not continuous.
We now modify the approach to first locally define vector fields V . The essential step is the
definition of open sets U with sets of geodesics S providing nonsingular systems (3.2). The open sets
will satisfy a Γg,n translation property and a condition on small lengths. We work with the sublevel
set {Λ < 3ǫ} ⊂ Tg,n. Each point of the sublevel set has a system of neighborhoods satisfying
two conditions. The first condition is that an element of Γg,n either stabilizes a neighborhood or
translates the neighborhood to a disjoint set. The existence of such systems of neighborhoods is
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a property of a discrete group action. The second condition is that if ℓS(σ) = Λ somewhere on a
neighborhood, then ℓS(σ) is bounded by 4ǫ on the neighborhood. The existence of such systems
of neighborhoods follows from compactness of Γg,n\Tˆg,n or from general bounds for gradients of
lengths [Wo5]. We write U for a neighborhood satisfying the two conditions. Define SU to be the
set of geodesics σ with ℓS(σ) = Λ somewhere on U . For ǫ sufficiently small, geodesics of length at
most 4ǫ are disjoint and the leading term of expansion (3.1) dominates. For ǫ sufficiently small, the
equation (3.2) is nonsingular for each neighborhood. We now write VU for the solution of (3.2) for
a neighborhood U . We note that the sets SU and vector fields VU are canonically (without choices)
determined by the set U . If an element of Γg,n stabilizes U then VU is invariant with respect to the
element.
We are ready to define a suitable open cover and a partition of unity. For each neighborhood
U introduce a smooth function ψU , with supp(ψU ) relatively compact in U and the supports also
forming neighborhood systems at points. The functions ψU are chosen to be invariant under
the stabilizers stab(U) ⊂ Γg,n. Now select a set of pairs {(Uα, ψUα)}α∈A such that the supports
{supp(ψα)}α∈A provide a locally finite cover of the locally compact set Γg,n\{Λ ≤ 3ǫ}. Since as
above an element of Γg,n either stabilizes a pair or translates a pair to a second pair with disjoint
support, the set of pairs {(supp(ψα) ◦ γ
−1, ψα ◦ γ)}α∈A,γ∈Γg,n provides a locally finite cover of
{Λ ≤ 3ǫ} and is invariant in that an element of Γg,n either stabilizes a pair or translates a pair
to second pair in the set with disjoint support. An overall consequence is that the function Ψ =∑
α∈A,γ∈Γg,n
ψα ◦ γ is Γg,n-invariant and positive. In particular the functions {ψα ◦ γ/Ψ}α∈A,γ∈Γg,n
provide a Γg,n-invariant partition of unity of {Λ ≤ 3ǫ} (the partition support contains the sublevel
set). The set of triples {(γ−1(Uα), Vα, ψα ◦ γ/Ψ)}α∈A,γ∈Γg,n is also invariant; an element of Γg,n
either stabilizes a triple or translates a triple to a second triple in the set with disjoint support.
Choose a non negative function φ(ℓ) that is unity for ℓ ≤ 2ǫ and vanishes for ℓ ≥ 3ǫ. The
smooth vector field
V = φ(Λ)
∑
α∈A,γ∈Γg,n
(γ∗)(ψαVUα)
satisfies V Λ = 1 on {Λ ≤ 2ǫ}, vanishes on {Λ ≥ 3ǫ} and is Γg,n-invariant. The time ǫ flow defines
a smooth equivariant deformation retraction of Tg,n to the truncated Teichmu¨ller space Tg,n(ǫ).
Remark 3.1 An alternate approach for a deformation is as follows. The augmented Teichmu¨ller
space is the Weil-Petersson completion and a CAT(0) metric space [Wo1] [DaW] [Ya]. The compo-
nents of the bordification of Tˆg,n are totally geodesic embeddings of products of lower dimensional
Teichmu¨ller spaces. For a component boundary space T ′, determined by the free homotopy class
σ′ represented by a node, there is a projection of Tˆg,n to T
′ (the fibers of the projection are the
geodesics realizing the distance to T ′). The geodesics define a fibration of Tg,n with base space
Tˆ ′. A natural deformation from Tg,n to the submanifold {x ∈ Tg,n | ℓ ≥ ε} is along fibers. For
multiple small lengths, fibrations might be combined to define a deformation with small lengths
increasing in a controlled manner. In [Wo5, §4.2] it is shown that the fibers of the projections to
boundary spaces are approximated to high order by integral curves of constant sums of gradients
grad ℓ(σ)1/2 for small lengths. The descriptions by constant sums of root-length gradients and by
fibers of projections essentially describe the same structure. From (3.2) the root-length gradient
flow is essentially a reparameterization of the flow of V .
Proof of Theorem 1.3. Since Tg,n is contractible, Theorem 1.2 provides that Tg,n(ε) is also con-
tractible. By the proof of Proposition 2.3, T Hg,n is contractible; the equivariance of the deformation
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retraction in Theorem 1.2 provides that (Tg,n(ε))
H is a deformation retract of T Hg,n and hence con-
tractible.
By Proposition 2.3 again, T Hg,n is non empty. The above equivariant deformation retraction
provides that (Tg,n(ε))
H is non empty. Combined with Proposition 1.1, this provides that Tg,n(ε)
is a cofinite universal space for proper actions of Γg,n.
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